We employ and examine vine copulas in modeling symmetric and asymmetric dependency structures and forecasting financial returns. We analyze the asset allocations performed during the 2008-2009 financial crisis and test different portfolio strategies such as maximum Sharpe ratio, minimum variance, and minimum conditional Value-at-Risk. We then specify the regular, drawable, and canonical vine copulas, such as the Student−t, Clayton, Frank, Joe, Gumbel, and mixed copulas, and analyze both in-sample and out-of-sample portfolio performances. Out-of-sample portfolio back-testing shows that vine copulas reduce portfolio risk better than simple copulas. Our econometric analysis of the outcomes of the various models shows that in terms of reducing conditional Value-at-Risk, D-vines appear to be better than R-and C-vines. Overall, we find that the Student−t drawable vine copula models perform best with regard to risk reduction, both for the entire period 2005-2012 as well as during the financial crisis. targeted sample and estimate portfolio measures that capture the utility function maximization, including conditional Value-at-Risk (CVaR), Sharpe ratio (SR) and standard deviation. This allows for a better understanding of the copulabased portfolio strategies' performance over a short-term investment horizon during the global financial crisis. Finally, using these measures, we perform a regression analysis on the effect of copula families and vine structures on the portfolio out-of-sample performance.
Introduction
During a financial crisis, asset returns show different behaviors compared to those seen during non-crisis periods (Zhang, 2014) . This includes the tail dependence between assets. Tail dependence in financial returns leads to different distributional assumptions that can be used in an investor's utility function maximization (Fernandez, 2005) .
Particularly, in downside risk minimization, lower tail dependence can affect the performance of portfolio strategies.
In addressing this issue, Sklar's copula theory has gained popularity in modeling the dependence structure of financial returns, both symmetric and asymmetric (BenSaïda, 2018; Frey & McNeil, 2003; Li, 2000; Patton, 2006) . The variety of copula families enables researchers and investors to estimate the joint distribution of returns with properties ranging from lower to upper tail dependence (Joe, 1997) . Moreover, pair-copula construction (PCC) and vine copulas allow for use of different copula families to estimate the asset returns' dependence structure, leading to a more flexible modeling (Aas et al., 2009 ).
In portfolio allocation techniques, minimum risk and maximum reward-to-risk methods can capture the investor's general purpose of adopting a certain portfolio strategy. When using the latter method, both classical volatility and downside risk can measure the portfolio risk. These optimization methods can be combined with forecasting models that, in general, create expectations on returns' properties, e.g., mean, volatility and tail dependence (Righi & Ceretta, 2013) . Therefore, appropriate distributional assumptions for utility function maximization, including symmetric or asymmetric, can lead to uncertainty in utilizing the forecasting models during a financial crisis. The above arguments raise some general questions. Can the copula families that are sensitive to lower tail offer a more reliable forecasting model and thus a well-performed downside risk-based portfolio strategy during a crisis period? Do the asymmetric assumptions for return distribution improve the maximum reward-to-risk ratio portfolio optimization? Do the financial returns' asymmetry and dependence structure change over the evolution of financial crisis?
This study contributes to the existing literature by addressing these issues. First, we examine both asymmetric and symmetric copula families in a portfolio optimization and back-testing setting. Focussing on asset allocation, we compare the performance of these copula families during the period of the 2008-2009 global financial crisis.
Considering different copula families, we apply several forecasting models to both in-sample and out-of-sample stock market estimation. R-vine, D-vine, and C-vine copula structures are specified; these include the Student−t (symmetric upper and lower tail dependence), Clayton (captures asymmetry and lower tail), Frank (captures symmetry), Joe (sensitive to upper tail), Gumbel (sensitive to upper tail), and mixed (a mixture of all families) copulas. We optimize the portfolios, including maximum reward-to-risk ratio (the Sharpe ratio), global minimum variance (GMV), and minimum conditional Value-at-Risk (CVaR), for simulated returns from each copula distribution. Using portfoliorelated measures, we compare the performance of the estimated copula families, both symmetric and asymmetric, in maximizing the investor's utility function. As for the copula families' performance in forecasting portfolio downside risk, we use the common value-at-risk (VaR) and expected shortfall (ES) back-testing procedures. Second, not only the long-term, but also short-term investments are considered. We create and compare 2-year holding periods over the
Empirical Methods
In this section, we review copula theory, the C-vine, D-vine, and R-vine structures, and their estimation methods.
We then continue with our marginal modeling and portfolio optimization methods.
Pair Copula Construction
As suggested by Sklar (1959) , copulas can be used to estimate the joint distribution of univariate marginals. A combination of the marginal distribution and a copula function based on the dependence structure of assets results in a multivariate (joint) distribution. This joint distribution can be utilized to model the financial returns based on separately estimated marginals and the dependence structure. According to Sklar (1959) , a d-dimensional distribution function F can be estimated from marginal distributions F 1 , ..., F d and a d-dimensional copula C. For a bivariate copula, we have
∀z ∈ d : F(z 1 , z 2 ) = C(F 1 (z 1 ), F 2 (z 2 )) = C(u 1 , u 2 ) ∀u ∈ [0, 1] d : z n = F −1 n (u n ) C(u 1 , u 2 ) = F(F −1 1 (u 1 ), F −1 2 (u 2 )) = F(z 1 , z 2 )
(1)
Assuming reversibility of the copula function C(u 1 , u 2 ), Sklar (1973) suggests differentiability of the marginal distributions F n and copula functions C. Therefore, the joint density of multivariate distribution is a product of the marginal densities f n (z n ) and copula density c(u 1 , u 2 ). In this case, the joint and copula densities are, respectively,
f (z 1 , z 2 ) = f 1 (z 1 ) × f 2 (z 2 ) × c[F 1 (z 1 ), F 2 (z 2 )] c(u 1 , u 2 ) = ∂ d C(u 1 ,u 2 ) ∂u 1 ∂u 2
(2)
The bivariate representation of the copula function and its relation with marginal distribution can be extended to a different formulation (families) of the copula used to estimate the dependence structure. Two main copula categories are the elliptical and Archimedean copula families. Examples of the elliptical families are Gaussian and Student−t.
The latter one captures symmetric tail dependence. By using a generator function (ϕ), Archimedean copulas can provide more flexibility in modeling asymmetric dependence for both upper and lower tail. Examples of Archimedean families are Clayton (asymmetric lower tail); Joe; Gumbel; BB6 and BB8 (asymmetric upper tail); BB1 and BB4
(asymmetric lower and upper tails); and Frank (symmetric no tail dependence). In addition, rotated versions of the Archimedean families can be used owing to the parameter restrictions imposed by generator functions of the nonrotated families (see Brechmann et al. (2013) for more details on rotated copula families). Table A .1 presents the bivariate copula function C(u 1 , u 2 ), generator ϕ(u), lower tail λ L , and upper tail λ U dependence for different families.
Some of the bivariate copulas (e.g., Student−t) can be extended to estimate the multivariate dependence structure, but there are limitations to capturing a multi-parameter dependence structure. To overcome these limitations, Aas et al. (2009) suggest PCCs based on Joe (1997) , which estimates the marginal conditional distribution function, Bedford & Cooke (2002) , which considers the regular vine (R-vine) in multivariate statistical modeling, and Kurowicka & Cooke (2004) , which introduces canonical (C-vine) and drawable (D-vine) structures. Aas et al. (2009) combine the marginal conditional distribution with vines, which are graphical representations of the dependence structure. The vine approach for a d-dimensional PCC involves d(d −1)/2 pair-copulas and d −1 linked trees. When using bivariate copulas, the first vine tree consists of the dependence of one variable (the first root node) for each pair and the conditional dependence of other variables (the second root node, third root node, and so on). In other words, for each tree model, once the first root node is modeled, the second root node is based on the first one, and the third root node is based on the second one. This approach is called recursive conditioning. Figure A .1 illustrates the tree structure for 5-dimensional R-vine, C-vine, and D-vine copulas.
For the regular vine copula, the joint density function is defined as (Dissmann et al., 2013) :
where e = {α, b}, and z D e denotes the variables in D e , that is, z D e = {x i |i ∈ D e }. f j is the density of F j for j = 1, ..., d
and z = (z1, ..., z d ).
The joint density function based on a d-dimensional canonical vine copula (C-vine) is :
where f j and c i,i+n|1:(i−1) are respectively the marginal densities and bivariate copula densities, and Ω i,i+n|1:(i−1) and i = 1, ..., d − 1 denote respectively the parameters and root nodes. However, for the drawable vine copula (D-vine), the joint density function is :
c n,n+i|(n+1):(n+i−1) (F(z n |z n+1 , ..., z n+i−1 ), F(z n+i |z n+1 , ..., z n+i−1 )|Ω n,n+i|(n+1):(n+i−1) ). (5) (1997) show how to solve a d−dimensional conditional distribution function:
Vine Copula Estimation
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where, E i e = {α, b}, α = {α 1 , α 2 }.
The log-likelihood function for C-vine and D-vine copulas are :
The log-likelihood function for the R-vine copula is
Marginal Modeling
As shown above, we use copulas to estimate the joint distribution of univariate marginals. To model the univariate marginals that can be utilized as inputs to copula, we use the autoregressive process in the mean equation and standard generalized autoregressive conditional heteroskedasticity model in the volatility equation. We do not evaluate the different forecasting models in terms of mean and volatility equations, but focus on the competing models based on different vine copula structures and families. Therefore, the forecasting models have two main steps. First, we fit the AR-GARCH model and obtain one-step-ahead mean and volatility forecasts. We then filter out the standardized residuals and use probability integral transformation to obtain marginal uniforms. In the second step, we fit a vine copula to these uniforms, estimate the dependence structure, and simulate one-step ahead returns from the estimated joint distribution. The marginal modeling used in both steps can be defined as
where r jt is the returns for asset j = 1, 2, ..., d, and z jt is the standardized residuals, with parameter restrictions ω j > 0,
Utility Function and Portfolio Allocation
Since we are examining the vine copula structures and families in a portfolio optimization setting, we need to allocate for different investor utility functions. This study focuses on the 2008-2009 financial crisis period when the investor must have sought for lower portfolio risk. As suggested by Markowitz (1952) , volatility can be considered a measure of portfolio risk. The portfolio volatility can be minimized with or without constraining the portfolio target return, to obtain the Markowitz mean-variance and global MV strategies. The minimization in both portfolio strategies involves quadratic programing. However, portfolio downside risk is an appropriate measure to capture the portfolio tail risk and losses. During a financial crisis, minimizing the portfolio downside risk would reduce the investor's losses and lead to a more secure investment strategy for risk-averse investors. CVaR is widely used as a measure of portfolio downside risk (Low et al., 2013; Reboredo & Ugolini, 2015a; Righi & Ceretta, 2015) . Similar to portfolio volatility, to minimize CVaR, a portfolio target return can be added as a constraint leading to a mean-CVaR strategy. However, we focus on the Min-CVaR strategy without the target return constraint as optimization would only reduce the downside risk. As regards the Min-CVaR strategy, the optimization problem can be solved with linear programing Rockafellar et al. (2000) . In addition to the MV and Min-CVaR strategies, which capture and reduce the investor's risk, we can test for Sharpe ratio (SR) maximization, where the portfolio return is maximized over the volatility (Sharpe, 1994) .
This strategy would be utilized by risk-neutral investors who look for higher portfolio returns rather than both the MV and Min-CVaR strategies. Although increasing returns would lead to higher volatility, the investor will be willing to bear higher risk for a higher return. Particularly, during a financial crisis, the investor would prefer to gain from her investment strategy if plausible. Hence, we focus on the MV, CVaR, and SR portfolio optimization strategies and evaluate the effects of the symmetric and asymmetric dependence structure estimations with vine copulas on each allocation strategy (see Sahamkhadam et al. (2018) for more details on MV, CVaR, and SR portfolio strategies).
Financial Data
We examine the performance of different portfolio strategies based on vine copula models using the logarithmic returns of 12 international markets: the United States (S&P 500), the United Kingdom (FTSE 100), Germany (DAX 30), Spain (IBEX 35), South Korea (KOSPI), Japan (TOPIX), Canada (S&P/TSX), Sweden (OMXS 30), Switzerland (SMI), Finland (OMXH), Argentina (MERVAL), and Egypt (HRMS). The sample period is from June 3, 2003, to December 12, 2012, with 2500 daily returns for each stock market. This period is chosen because it fully captures the performance of an investment strategy during the 2008-2009 global financial crisis as well as the influence of a training sample from before to after the crisis. In this case, we also investigate how fast our portfolio strategies can recover from the financial crisis. Table B .2 presents the descriptive statistics of stock market returns for two sample periods including the global financial crisis (Panel A: 2008 (Panel A: -2009 and the full sample (Panel B: 2003 (Panel B: -2012 Japan has the maximum return over the crisis. Germany, Spain, Sweden, Switzerland and Finland show positive skewness. The positive kurtosis reported for all the series is an indicator of empirical distribution peaking more than the Gaussian distribution. The significant Jarque-Bera normality test results suggest non-Gaussian empirical distribution for all markets over the global financial crisis. Finally, the 10% VaR and CVaR for each market shows the variability of losses due to the financial crisis. In this sense, the top three markets suitable for investment during the 2008-2009 crisis were Switzerland, United Kingdom and Spain, being less affected in terms of downside risk. These measures are important as it enables the investor to compare the performance of a diversified portfolio strategy with investment in one of these markets.
Empirical Analysis
We begin our empirical investigation with an in-sample estimation of the forecasting models. This gives a better understanding of parameter estimation and the general expectations of the forecasting models. First, we analyze the AR-GARCH parameter estimation. We then examine vine copula estimation. As the final in-sample analysis, we consider the risk-return relationship of the SR and CVaR portfolio strategies as an efficient frontier. We will continue our empirical analysis by comparing the out-of-sample performance of several portfolio strategies obtained using different vine copula structures. Finally, we perform VaR back-testing.
AR-GARCH Estimation
To estimate the dependency structure of stock markets, we first need to model the univariate marginals. As mentioned in Section 3.3, the marginals are assumed to follow an AR-GARCH process, where a constant (µ j ) and the autoregressive term (φ j r j,t−1 ) with one lag constitute the conditional mean. The volatility of this process consists of a standard GARCH(1,1), with standardized residuals (z j ) modeled using skewed Student−t distribution. Table C.3 reports the parameter estimation. As the table shows, during the financial crisis (Panel A) , the constant terms in both mean and volatility equations (µ j and ω j ) are not significant in almost all cases. All the GARCH parameters (α 1 j and β 1 j ) are significant. The shape and skewness parameters reported in the table indicate non-Gaussian distribution for all assets, except for Sweden, during the global financial crisis. On the other hand, over the full sample (Panel B) , all the parameters are significant at 1% level, except for AR term (φ j ) in some cases.
Vine Copula
Having obtained the standardized residuals (z j ), we estimate the dependence structure of the stock markets. To compare the different vine structures, we use the mixed versions of the C-vine, D-vine, and R-vine copulas (Czado, 2019) . In these mixed versions, we allow for selection of pairwise copulas from all the families listed in Table A .1 based on the sequential estimations suggested in Brechmann et al. (2013) and Dissmann et al. (2013) . We then use the selected families, with the estimated parameters, as the initial values for vine copula maximum likelihood estimation. 1 Figure C .2 shows the different vine structures used for the whole sample, along with the selected bivariate copula families. As mentioned in Section 3.1, a 12−dimensional dataset has 11 tree structures and 66 pair copulas as nodes.
Here, we show only the first trees for the C-vine, D-vine, and R-vine copulas. From the figure, FTSE 100 has the highest correlation with other markets, and is at the first node. From the figure, copula selection and estimation is different for the two periods. For instance, in tree 1 for the C-vine copula during the financial crisis (Panel A) , the dependency between United Kingdom and Sweden is modeled based on Student−t with Kendal's τ estimated as 0.64.
However, during the whole sample (Panel B) , rotated BB1 is selected with τ = 0.56.
The vine structure plots give an understanding of how mixed copula versions are constructed and what copula families are included, along with their estimated parameters. However, they do not provide the appropriateness of copula families nor the vine structure. Therefore, a goodness-of-fit procedure is required to approximate the best copula model. In doing so, we use empirical copula process (ECP) tests and estimate Cramer-von Mises (CvM) and
Kolmogorov-Smirnov (KS) t−statistics (see Genest et al., 2009; Schepsmeier, 2015 , for more details on the tests).
According to Table C .4, Student−t and Frank copulas have the best fit during the global financial crisis. Regrading the whole sample, the best copulas are Student−t and Joe. Considering these results, symmetric tail dependency exists for both periods and is captured by Student−t copula. In terms of vine structure, in both sample periods, canonical vine has the best fit compared to drawable and regular vines.
Portfolio In-Sample Performance
To examine the effect of copula models on portfolio performance, we use in-sample estimation of asset returns.
In doing so, we use the targeted sample to fit the AR-GARCH model and several copula models. We simulate 10000 returns from the corresponding AR-GARCH-Copula process and perform portfolio optimization. Finally, we use the asset returns over the targeted sample and the estimated weights to construct portfolio strategies and obtain performance measures. We use equally-weighted (EQW) and historical portfolios as the benchmarks.
Since, all the models use the same AR-GARCH process to estimate conditional mean and volatilities, the insample performance measures can help to understand the impact of copula models on portfolio strategies. Tables C.5-C.7 present the results. Regarding SR portfolios (maximum Sharpe ratio), all of the forecasting models give negative returns during the global financial crisis (Panel A) . However, there are some gain from vine copulas in terms of average return during this period. For instance, Dvine copulas give the lowest negative average return, in particular, Gumbel family (with a mean return of -0.044). At the same time, these models result in higher volatility and downside risk. Clayton and Student−t Rvines show better results in terms of the portfolio downside risk (CVaR), which is due to their sensitivity to lower tail. In almost all cases, Cvine and Dvine structures show small improvement for portfolio economic performance (terminal wealth). For CVaR portfolios (minimum CVaR), Student−t copulas show slight improvement in portfolio average return during the crisis. Similar to SR portfolios, Clayton and Student−t Rvine copulas provide lower portfolio CVaR, comparing to other copula models. Furthermore, mixed, Student−t and Gumbel vines have the lowest portfolio volatility for GMV strategy, in both sample periods.
In general, the results of in-sample performance indicate more gain obtained from copula-based SR portfolios.
However, in most cases, there is no gain from copulas for CVaR and GMV. In particular, during the global financial crisis, the utility function maximization is better obtained from historical allocation.
Portfolio Out-of-Sample Performance
While focusing on portfolio optimization, we need to evaluate the performance of the corresponding portfolio strategies in an out-of-sample setting. For this, we apply the forecasting models and vine copula estimation to our dataset and use the rolling window method to simulate one-step-ahead returns and compute one-step-ahead asset weights. 2 We use a fixed rolling window with 500 observations for each stock market. This technique can create a setting where the investor uses the available information set, forecasts tomorrow's returns, and optimizes the portfolio. Then, tomorrow, the investor obtains profit or loss from the portfolio strategy. The difficulty for the investor is twofold. First, the investor can use all the information he/she has access to (an extending window) or only the last 500 observation. However, one has to note that vine copula estimation is a time-exhausting process and including all the available data might decelerate the pace of recovery from the crisis. Second, the investor has to bear the transaction 2 See Sahamkhadam et al. (2018) for more information on the steps required for rolling window estimation. costs (TCs) if the intension is to re-balance the portfolio every day. In this case, we use the proportional TCs at 10 basis points. Frank, Joe and Gumbel copula models show similar performance in maximizing the investor's utility function. This indicates that during the financial crisis, vine copula models cannot outperform simple copulas when the portfolio optimization is based on the SR strategy. The only case that vine copulas (Dvine and Cvine) give better out-of-sample SR is Student−t copula. By comparing the vine copula structures for single copula families (e.g., Clayton, Frank, Joe and Gumbel), we find that the C-vine structure leads to higher SR maximization than the D-vine and R-vine structures.
All the SR portfolios based on the forecasting models provide better portfolio accumulation than the two benchmarks [equally-weighted (EQW) and historical portfolios] for long-term investment. Table C .9 presents the results for the CVaR portfolios. From a comparison of the different copula models based on the portfolios' out-of-sample CVaR, which is the optimization objective, we find that Frank and Student−t vine copulas perform better than Clayton and Joe copulas. This indicates that even Clayton copulas can overestimate the downside risk during a financial crisis. In general, all the CVaR portfolio strategies obtained with the vine copula models outperform the EQW and historical portfolios in minimizing CVaR during the extended out-of-sample period (Panel B) . In addition, for the Clayton, Joe, and Frank copulas, the vine models result in lower CVaR compared to the simple multivariate copulas in the same families, indicating better results from vine copula modeling during financial crisis. In most cases, Dvine and Cvine models outperform Rvine interms of economic performance. Considering the portfolio accumulation wealth, a naive EQW portfolio leads to a higher terminal value even without considering the TCs.
The MV portfolio back-testing results are shown in Table C .10. None of the forecasting models can reduce portfolio volatility better than historical MV optimization.
Short-term Investment
The empirical results discussed in Section 5.4 are based on long-term investment. However, a comparison of the competing models based on a shorter-horizon investment can show the gain from using forecasting models, particularly based on vine copula modeling. For this, we consider a two-year investment period and calculate the portfolio's performance measures including SR, CVaR and volatility. Then, we roll this holding period and calculate the realized measures at the end of each investment period. This technique results in deeper insight into the performance of each portfolio strategy during the financial crisis. Figures C.3-C.5 illustrate the results, including rolling realized SR (CVaR/volatility) for SR (CVaR/GMV) portfolios. As shown, for SR portfolios, all the forecasting models lead to higher SR, regardless of starting point of the two-year investment. Furthermore, during the financial crisis, there is slight gain from vine copula models (e.g. Dvine) in reducing the downside risk for CVaR portfolios. As regards the GMV portfolio strategies, the historical portfolio results in lower volatility for holding periods ending during the global financial crisis.
VaR Back-testing
As our final empirical investigation, we compare the VaR back-testing results for portfolio strategies based on different copula modeling. We forecast a 1% VaR based on simulated one-step-ahead returns for each forecasting model and compare the results with the corresponding portfolio out-of-sample returns. We conduct three tests, the unconditional coverage (UC) test proposed by Kupiec (1995) , the conditional coverage (CC) test proposed by Christoffersen (1998) and the dynamic quantile (DQ) test suggested by Engle & Manganelli (2004) . The UC test examines whether the actual VaR exceedance frequency is consistent with the expected one. The CC test also assumes independent number of exceedances. Since the null hypothesis of the UC test is correct exceedances, a portfolio strategy with acceptable VaR forecasts needs to reduce the test statistics until the test is insignificant (Kupiec, 1995) . For the CC test, the null hypothesis is both correct exceedances and independence of VaR violations (Christoffersen, 1998) . As regards to DQ test, based on a linear regression method, the null hypothesis is that the violation are uncorrelated (Engle & Manganelli, 2004) . Table C .11 presents the VaR back-testing results at different significance levels for each copula-based portfolio strategy. In general, during the global financial crisis, all of the forecasting models fail to provide adequate VaR forecasts for SR portfolio strategies. However, for GMV and CVaR strategies, in some cases, the VaR forecasts pass UC and CC tests at 5% significance level (e.g. Clayton Cvine and Dvine). Moreover, during the crisis period Clayton copulas lead to lower number of exceedances(NE), mean absolute deviation between the observations and the quantile (AD), and average quantile loss (AQL). On the other hand, over the full out-of-sample period, Gumbel, Student−t and mixed vine copulas show better results in passing the UC, CC and DQ tests and the number of exceedances.
ES Back-testing
Due to the fact that the VaR tests in previous section have low power, we also perform ES back-testing. In doing so, we use exceedance residuals (ER) with the null hypothesis of i.i.d. residuals for violations, and for VaR and ES, we use the conditional calibration (Cond. C)testing of the null hypothesis of calibrated sequence of forecasts (see McNeil & Frey, 2000; Nolde et al., 2017) . We also use Expected Shortfall Regression (ESR) test proposed by Bayer & Dimitriadis (2018) , where the null hypothesis is correctly specified ES forecasts. Moreover, Student−t copula models cannot pass all of the tests for CVaR portfolio strategy. As regards the SR portfolio, the Student−t C-vine and D-vine models do not pass the exceedance residuals test, but provide acceptable results for the MV strategy. Joe, Gumbel and mixed versions of the vine copula models accept the null hypotheses for both the SR and MV portfolios. However, for the CVaR portfolio, they fail the test in a few cases. In general, these results suggest better CVaR forecasts from copula families that can model asymmetric tail dependence (e.g. Clayton).
Regression Results
To establish more systematic evidence of the effects of the various out-of-sample copula-based portfolio strategies presented in Section 5.4, we perform regressions using the various target measure outcomes of each copula model as the dependent variable. That is, for the max SR optimization strategy we define SR, for the min CVaR strategy we define CVaR, and for the GMV strategy we define the standard deviaton (StdDev) of portfolio returns as the dependent variable. Using this strategy gives the outcomes of 25 copula-based portfolio strategies at a quarterly level from Q2/2005 to Q4/2012, resulting in a total of 775 observations. In panel B we analyze the subperiod Q1/2007 to Q4/2009 for the 25 strategies, giving us 300 observations. Regression results are presented in Table C .14, where each copula-based portfolio strategy is defined as the categorical variable. The equally weighted portfolio constitutes the reference category. The estimated coefficients of our regressions represent the differences between the copula-based portfolio strategies and the EQW portfolio.
The results highlight that all copula-based portfolio strategies have statistically significant higher SRs when compared to the EQW strategy. Most copula-based strategies also lead to lower downside risk and lower volatility compared to the EQW portfolio. All vine copula-based strategies are also better than the optimal portfolios determined from historical returns for SR, and mostly also for downside risk measured as CVaR. Another pattern that emerges is that for SR optimal portfolios, simple copula models appear to perform better than the vines. We find that the simple Gumbel copula-based model has a SR that is on average 0.101 higher than the EQW portfolio, followed by the simple Joe copula model that has a SR of 0.097 higher than the SR of the EQW portfolio. Comparing the different copula families, it appears that Student-t vines are best in terms of SR compared to the other copula families including the mixed vines. There is also a tendency that the D-vine models show higher SR compared to the R-and C-vines of the same copula family. In terms of downside risk reduction measured by CVaR, we find that the Student-t based D-vine copula model leads to the greatest reduction of CVaR with 0.162 compared to EQW portfolio.
In general, when we compare panels A and B specifically for the financial crisis, the effects from the copula-based models become more pronounced. That is, relative to the EQW portfolio, copula-based models lead to higher SR, lower CVaR and lower volatility during the financial crisis. Again, D-vine copula models have higher SR and lower CVaR compared to the other vines. Also, comparing the various copula families it appears that Student-t based vines show the greatest effects in terms of improving SR but also in reducing CVaR during the financial crisis. Surprisingly, despite their flexibility, mixed vines do not show superior performance compared to the single family models.
Conclusions
In this study, we analyze the symmetric and asymmetric properties of international stock markets based on vine copula modeling in the 2008-2009 financial crisis portfolio management setting. Our focus is on the performance of vine copula modeling in portfolio optimization based on three utility functions, maximum SR, MV, and Min-CVaR. We examine the R-vine, C-vine, and D-vine copula structures. To account for the symmetry and asymmetry of returns during the financial crisis, we suggest four copula modeling versions: the (1) The econometric analyses of portfolio out-of-sample outcomes highlight that all copula-based portfolio strategies lead to statistically significant higher SRs when compared to the EQW strategy. Copula-based strategies have statistically significant lower downside risk and lower volatility compared to the EQW portfolio. Specifically for the financial crisis, the effects from using the copula-based models become even more pronounced. That is, relative to the EQW portfolio, copula-based models lead to statistically significant higher SR, lower CVaR and lower volatility during the financial crisis.
In terms of downside risk reduction measured by CVaR, we find that the Student-t based D-vine copula model The results of this study have important implications for portfolio management during a financial crisis. Our study provides novel insights on the effects of vine copula modeling in portfolio allocation techniques. Although our results are based on the targeted dataset (including daily returns of stock markets) of the 2008-2009 financial crisis and the pre-and post-crisis periods, this analysis can be extended to other periods as well. Studying the effects from using different return frequencies for the portfolio optimization using vines (e.g., weekly or monthly or even intra-day) is left for future research.
Appendix A. Pair-copula Construction 
Copula Family
Copula Function
Generator Function Lower Tail Upper Tail Table 1 for more information on copula families. Note: This table provides in-sample performance of copula-based CVaR portfolios strategies. Portfolio strategies are constructed by utilizing realized assets' returns and optimal weights over the targeted period. Optimal weights are obtained from simulated returns by estimating the conditional mean and volatility from AR-GARCH model in Section 3.3 and estimating the joint distribution (including dependency structure) and drawing 10000 simulations from different simple and vine copulas. In mixed vines, the copula selection is based on AIC including all the families in Note: This table provides in-sample performance of copula-based GMV portfolios strategies. Portfolio strategies are constructed by utilizing realized assets' returns and optimal weights over the targeted period. Optimal weights are obtained from simulated returns by estimating the conditional mean and volatility from AR-GARCH model in Section 3.3 and estimating the joint distribution (including dependency structure) and drawing 10000 simulations from different simple and vine copulas. In mixed vines, the copula selection is based on AIC including all the families in Notes: This figure provides rolling standard deviation for GMV portfolio strategies with a 500-day investment horizon. McNeil & Frey, 2000) and Expected Shortfall Regression (Bayer & Dimitriadis, 2018) tests. Bold numbers are the p-values higher than 5%. ***, **, * denote significance at the 1%, 5%, and 10% levels, respectively. .00*** 0.00*** 0.00*** 0.00*** 0.00*** 0.00*** 0.00*** 0.00*** Frank Cvine 0.00*** 0.00*** 0.00*** 0.00*** 0.01** 0.00*** 0.04** 0.00*** Frank Dvine 0.00*** 0.00*** 0.00*** 0.00*** 0.01** 0.00*** 0.04** 0.00*** Frank Rvine 0.00*** 0.00*** 0.00*** 0.00*** 0.02** 0.00*** 0.09* 0.00*** Joe 0.00*** 0.00*** 0.00*** 0.00*** 0.00*** 0.00*** 0.01** 0.00*** Gumbel 0.00*** 0.00*** 0.00*** 0.00*** 0.08* 0.00*** 0.12 0.00*** (Nolde et al., 2017) , Exceedance Residuals (McNeil & Frey, 2000) and Expected Shortfall Regression (Bayer & Dimitriadis, 2018) tests. Bold numbers are the p-values higher than 5%. ***, **, * denote significance at the 1%, 5%, and 10% levels, respectively. 
